Abstract: High-order harmonic generation is an important mechanism to generate coherent radiation in the few-100-eV spectral range with ultrashort laser pulses. Moreover, a closer inspection of the measured spectra provides unique information about the underlying physics and allows deriving guidelines for improvements. The long-range modulation of the spectral envelope is linked to phase matching, and we will show how to improve it with a double-pulse excitation scheme. Additionally, the spectrum contains only every fourth harmonic, which can be well explained by the quantum interference of multiple scattered electrons, and two dominant electron trajectories were selected by X-ray parametric interaction.
Introduction
Compact, laboratory X-ray sources are important tools for spectroscopy. High harmonic generation (HHG) is a promising method to generate coherent radiation in the extreme ultraviolet (XUV) and soft X-ray spectral range by up-converting the frequency of intense laser pulses into its harmonics. The spectral range of 10-70 eV is very well suited to measure the dynamics of bounded wave packets in atoms [1] [2] [3] , whereas radiation in the spectral range around 100 eV is widely used for the generation of isolated attosecond pulses [4, 5] . Radiation in the range between 270 eV and 540 eV, in the so-called water window between the carbon and oxygen K-edge, is of great interest for studying organic molecules [6] [7] [8] in their natural environment and, so, is a subject of research for many groups [9] [10] [11] [12] [13] . HHG with nearly continuous spectra up to a few keV has been demonstrated [14] [15] [16] [17] and applied for studying the dynamics of solids [7, 8] .
The theory describes the generation of high-order harmonics from a single atom in three steps [18] : In a strong laser field, electrons are released from atoms or molecules by tunnel ionization and subsequently accelerated. After collecting energy from the laser field, the electrons re-collide with the ion, recombine and emit their excess energy as X-ray photons. The short wavelength radiation can be emitted in every optical half-cycle (OHC), resulting in a spectrum of odd (2i + 1) harmonics. Under well-defined initial conditions, the acceleration takes a time of approximately three-quarters of an optical cycle. According to theoretical prediction, taking into account the strong displacement of the accelerated electrons by the magnetic field of the laser pulse in the direction of the propagation at high intensities [19] , only electrons accelerated longer than one optical cycle can emit harmonics up to the hard X-ray regime. Further, HHG is a coherent process, so the macroscopic build-up of the signal is the fastest, if the emission of all atoms is in phase [20] , i.e., the HHG is phase-matched. Recently, it has been theoretically predicted that perfect phase matching cannot be realized for photon energies above ~200 eV using intense pulses from a Ti:sapphire laser system (center wavelength of ~800 nm) and helium as a nonlinear medium, which is otherwise the best suited gas for generating short wavelength radiation [21] .
In the first part of this contribution, we present a set of detailed experimental studies of the phase matching conditions for the generation of high harmonics in the 0.2-1 keV spectral range using ultrashort pulses of Ti:sapphire laser systems. For this study, the observed modulation in the spectral envelope allows us to derive detailed information about the phase-matching conditions. In addition, we present a double-pulse scheme to improve the phase matching conditions and the conversion efficiency, as well. Furthermore, we show that using few-cycle laser pulse, even as short as 6 fs, harmonics up to 3 keV photon energies can be generated efficiently and with improved phase matching.
In the second part of this paper, we report on the experimental results with a high harmonic line structure containing only every fourth (4i + 1) harmonic in the few-100-eV spectral range. Our electron trajectory analysis suggests that multiple scattered electrons returning after about two optical cycles produce soft X-ray radiation in the spectral range above 200 eV up to a few keV. When the conditions for X-ray parametric amplification (XPA) [22] are fulfilled, the harmonics can be efficiently generated, and the quantum-path interference of two dominating trajectories explains the uncommon harmonic line structure very well.
Retrieving Phase-Matching Conditions from Spectral Modulation
Measured high harmonic spectra in the few-100-eV to few-keV photon energy range exhibit a periodic modulation of the amplitude with a rather long period, which depends on the exact experimental conditions. In this section, we show that the periodic modulation is the consequence of the non-phase-matched generation of the high-order harmonics. We present results from three different experiments and provide insight into the different parameters determining phase matching.
Theoretical Background
Phase matching of HHG can be studied by inspecting the propagation equation of the q-th harmonics in a gas medium [23] :
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where the first term describes the HHG signal, which is proportional to the ground state atomic density 0 ; the phase mismatch is considered by Δkq; the dipole response and other laser parameters are included in the factor aq. In Equation (1), the possibility of the parametric amplification contribution [22, [24] [25] [26] and the absorption are also considered by the second term, which describes the amplification with stimulated emission cross-section σeq and "excited" atomic density 1 n and the absorption with the cross-section of σaq, Solving Equation (1), we get the electric field of the q-th harmonic at the output of the gas medium with length L: 
A closer inspection of Equation (3) reveals two possible shapes of the high harmonic spectra: In the experiments to be presented, we used helium as the nonlinear medium. Helium has a negligible index of refraction, so the phase mismatch is mainly determined by the free electron density ne: 
Here, 1 ω is the angular frequency of the driver laser. As Equation (4) shows, the phase mismatch 0 q  is proportional to the harmonic order q; consequently, according to the cosine term of Equation (3), the harmonic spectrum is modulated with period 0 q , which is inversely proportional to the free electron density and, consequently, to the gas pressure, and it reads:
(i) The periodic modulation of the HHG spectrum has the highest depth when the gain is small
and Equation (3) can then be rewritten:
(ii) Contrarily, when the gain is large 2 0  q g , the second and the third terms in the nominator of Equation (3) are small, and the equation can be approximated as:
describing a modulated spectrum with 
Experiment 1: Pressure Dependence of the Spectral Modulation
High harmonic spectra have been measured, with the JETI (Jena Ti:sapphire) laser system delivering 30 fs-long pulses with a repetition rate of 10 Hz. The further experimental setup can be seen in Figure 1 . The pulse energy in the experiment was reduced with an adjustable iris down to 80 mJ. The beam was loosely focused with a spherical mirror (f = 3 m), resulting in an on-axis peak intensity of ~5 × 10 15 W/cm² in the focus. The HHG source (gas jet, inset of Figure 1 ) was a Ni-tube with a 1-mm diameter, and it was backed with helium gas in a pressure range between 0.1 and 1.2 bar. To reduce the gas load and the reabsorption of the generated soft X-ray harmonics in the background gas of the experimental vacuum chamber, the gas jet was operated through a pulsed valve synchronized to the laser. After blocking the fundamental laser light with 200 nm-thick Al and 100 nm-thick Ti foils, the generated soft X-ray spectra were measured with a scanning monochromator (McPherson 248/310G) equipped with a photomultiplier (Channeltron 4751G) and a 1200-grooves/mm grating. The photomultiplier is SiO2-coated, having a work function of ~10 eV, which means that it is not sensitive to light with a wavelength longer than ~120 nm. Therefore, it is only able to detect signals above the seventh harmonics of Ti:sapphire laser pulses, i.e., it is completely blind at the fundamental wavelength. The photomultiplier was operated with supply voltage of −2.5 kV (SRS PS350) and read out with a lock-in amplifier (Signal Recovery 5209). With this setup, we recorded the signal over a broad spectral range from 0.2-2 keV.
With the above-described setup, a series of soft X-ray spectra were measured for different He gas pressures, as summarized in Figure 2 . Every spectrum exhibits a periodic modulation of its spectral envelope, the amplitude of which becomes smaller for higher photon energy. The period of the modulation depends on the pressure and is strictly periodic if it is plotted as a function of the photon energy. This modulation should not be confused with the EXAFS (extended absorption fine structure), which also modulates the X-ray spectrum. However, that modulation is not periodic, if the spectrum is plotted as the function of the photon energy (hv). The EXAFS modulation starts at the energy of an absorption edge (Eedge) and is periodic if the x-axis is rescaled by edge E h   [7, 15, 27] . Furthermore, the EXAFS modulation is only governed by the absorbing material and is completely independent of the experimental parameters, such as pressure, laser intensity, etc., determining the emission characteristics of the X-ray source, as shown in Figure 2 . The modulation of the spectra in Figure 2 can be easily recognized at lower gas pressures from 0.1 bar to 0.3 bar, where the gain 0 g , which is
proportional to the pressure, is small. This regime is well described by Equation (6), and this equation was used to fit the modulated envelope (dashed curves). This slow modulation is attributed to the constructive and destructive interference of the generated harmonics at different longitudinal positions of the gas medium, and it is the consequence of a phase mismatch between the driving laser pulse and the generated harmonics. The observed nearly 100% modulation depth caused by phase-matching provides evidence that the measured spectra are built up from coherent radiation in the full measured spectral range. By increasing the gas pressure, starting from 0.4 bar, the visibility and depth of the modulation of the measured spectra decreases, and Equation (6) no longer correctly describes the observed envelope. The role of the parametric gain can be further observed by the fast increase of the high harmonic signal, as indicated by the scaling of the vertical axes of the spectra. We observe a doubling of the signal by increasing the pressure in 0.1-bar steps between 0.3 and 0.6 bar. Upon a further increase of the pressure, the harmonic signal saturates.
To make a quantitative statement about the modulation of the spectral envelope, we have rescaled the measured spectra as a function of the harmonic order and calculated the Fourier transform without expecting any phase; just to examine periodic features in the spectra. The Fourier transform signals are plotted in Figure 2 next to their spectra in the right column. In every Fourier transform curve, the first peaks are clearly resolved. Their positions (~1 0  q ) increase linearly with the pressure (~free electron density), as predicted by Equation (5) and marked by the grey dashed line in Figure 2 . Above a 0.7-bar backing pressure, the signal saturates, and the low visibility of the modulation makes the Fourier transforms much noisier and less reliable. 
Experiment 2: Improved Phase Matching with Few-Cycle Laser Pulse
The previous measurement was performed with of a Ti:sapphire laser system delivering 30 fs-long pulses, which are multi-cycle pulses consisting of about eleven optical cycles. The precise phase matching conditions for HHG are somewhat different for every optical cycle, so we cannot expect a narrow, noiseless peak after the Fourier transform of the measured spectra. We shows in this section that approximately five-times shorter laser pulses consisting of only a few cycles allow a better phase matching and the generation of radiation up to the few-keV photon energy range.
For these experiments, we used a table-top Ti:sapphire laser system [28] [29] [30] [31] with a 1-kHz repetition rate. The laser system delivered 15 fs-long pulses with 3 mJ of pulse energy. For further pulse shortening, part of the laser pulses (about 2 mJ) were spectrally broadened in a filament in Ar and subsequently compressed to obtain 6 fs-long pulses with a pulse energy of 1.5 mJ. These pulses comprise only two optical cycles and are very well suited for the envisaged experiments. The compressed laser pulses were focused into a 0.4 mm-long helium gas jet. The laser intensity in the gas was ~2 × 10 16 W/cm², supporting the generation of keV soft X-ray harmonics. The X-ray spectrum was measured similarly as in the previous experiment (Section 2.2), with a scanning spectrometer (248/310G, McPherson) equipped with a 1200-lines/mm grating and a photomultiplier (Channeltron 4715G, Kore Technology), as displayed in Figure 3 . The photomultiplier was sensitive to wavelengths below ~120 nm. For these measurements, we used a 100 nm-thick Cu foil for vacuum separation between the source chamber and the spectrograph and to suppress harmonics below 100 eV. A typical measured spectrum is shown in Figure 4a . The spectrum (green line) exhibits a sharp high harmonic cut-off at ~3 keV of photon energy and the L absorption edge of the 100 nm-thick Cu filter at 950 eV is also well visible. The short wavelength part of the spectrum below 3 nm (~400 eV) is highlighted in Figure 4b . Beyond the Cu L-edge and the harmonic cut-off, one can recognize the Kα emission line of Cu at ~8 keV excited by the laser-accelerated electrons from the He gas. This emission line was not well resolved, because of the resolution limit (~0.02 nm) of the spectrograph. Beyond the well-resolved edges, the measured spectrum shows the expected strong modulation, which is the consequence of the non-phase-matched generation of the harmonics (see Equation (6)). For resolving this feature, the spectrum has been rescaled in harmonic order and Fourier transformed in the spectral range between 0.1 keV and 3 keV. In the Fourier-transformed signal (Figure 4c ), a very clear and well-distinguishable peak can be recognized at 5.3 × 10 −3 optical cycles, which corresponds to a uniform modulation of the spectral envelope with a period of 189 harmonic orders or 325 eV. According to Equation (5), this spectral modulation corresponds to a free electron density of 8.4 × 10 21 m −3 . This spectrum was generated under similar phase matching conditions as the spectrum at 0.2 bar in the previous section (Figure 2 ), but the about four-times lower laser intensity of the longer pulses earlier was not sufficient for generating harmonics at such high photon energies. The high visibility of the spectral modulation in the full spectral range and the well-defined cut-off prove that the full spectrum originates from coherent soft X-rays. In Section 3.3, we will return to this measurement and will explain how this spectral range can be reached by a few-cycle laser pulse.
Experiment 3: Improving Phase Matching with a Double-Pulse Excitation Scheme
In the previous section, the generation of high-order harmonics up to a 3-keV photon energy was demonstrated. HHG at even higher photon energies can be obtained in principle, by simply increasing the laser intensity, which shifts the cut-off energy by the same factor. However, several difficulties arise at the increased laser intensity. At lower intensities, mainly below 1 × 10 16 W/cm² , the harmonics are generated from He atoms near the center of the laser pulse, and the harmonic spectrum can extend up to 2 keV. If the laser intensity is further increased, the He atoms are completely ionized in the first part of the pulse, and consequently, the harmonics are generated always at the same intensity shifted to the leading edge of the laser pulse, resulting in no extension of the cut-off energy. At the center of the laser pulse, however, He is further ionized, and the harmonics are generated from He + ions, which have a higher (54.4 eV) ionization potential than He (24.6 eV), allowing one to extend the cut-off up to 12 keV, according to the simple theory outlined at the beginning. Generating harmonics from one-or two-times ionized atoms is widely studied [32] [33] [34] [35] , and from, e.g., multiple charged Ar harmonics up to 500 eV [35] have been demonstrated. A serious drawback of the generation of high-order harmonics from multiple ionized atoms is the free electron background, which defeats the phase matching and restricts the conversion efficiency to low values. However, getting rid of the free electrons from the path of the laser in a capillary discharge setup has been successfully demonstrated [32] . Further, the elimination of the free electron background in cavitated plasma produced by a laser pulse with relativistic intensity has been predicted [36] . In this section, we describe a double-pulse method [37] to form an electron-free ion channel and to study the improved phase matching conditions from inspecting the modulated envelope of the harmonic radiation generated in the formed channel.
In this experiment, we used the same Ti:sapphire laser system as described in the previous section [29] , delivering 15 fs-long pulses with 3 mJ of energy at a 1-kHz repetition rate. The acousto-optic programmable dispersive filter (AOPDF, DAZZLER, Fastlite) in the laser system was set to generate double pulses with a variable delay and identical pulse energies of 0.75 mJ. The overall laser pulse energy was reduced to avoid the degradation of the pulse structure due to strong saturation in the amplifier. The pulses were focused into a He gas jet by a highly reflecting spherical mirror with a focal length of 200 mm. The setup was similar as presented in Figure 3 . The interaction length in the gas jet was 0.4 mm, which is much shorter than the confocal parameter of 2.3 mm of the laser beam, it being necessary to avoid self-channeling. The on-axis peak intensity was about 1 × 10 16 W/cm² for both pulses. From these parameters, the estimated on-axis high harmonic cut-off energy was 1.9 keV. The generated harmonic signal was once again measured with a scanning X-ray spectrograph (248/310G, McPherson) equipped with a platinum-coated grating of 300 lines/mm, and the X-ray photons were detected with a photomultiplier (Channeltron ® 4715G, Kore Technology). The gas backing pressure was set to 250 mbar, and the gas jet was moved approximately 1 mm after the focus. This position allows the exploitation of further phase matching contributions [10, 20] and the enhancement effect of X-ray parametric amplification [22] . The lower order harmonics and the residual laser light are blocked with a 100 nm-thick Ti foil. With this setup, we recorded the X-ray spectra for double-pulse excitation by setting the pulse distance from zero to 300 fs, which was the limit of the AOPDF. The intensity of the laser pre-pulse was chosen to fully ionize the gas. During the pre-pulse, the electrons were trapped in the vicinity of the ions and released after the pulse passed. The electrons leaving the atom have a ten-times higher perpendicular momentum compared to the longitudinal one. Therefore, after the laser pulse has passed, we have an almost electron-free ion channel. The second laser pulse, launched into the channel after a suitable delay time, then generates high-order harmonics from He + ions with high efficiency due to the improved phase matching condition.
To determine the optimum delay time, we recorded the generated soft X-ray spectra as a function of the delay between the pre-and main pulse, respectively. The periodic structure of the high energy part of the spectra with uniform periodicity gives direct information about the phase matching conditions, as was described in Section 2.1. Figure 5 shows the periodic structures after subtracting the slowly varying part from the spectra and multiplying it with ω³ to obtain a nearly constant amplitude. Phase matching is almost completely missing for a delay of 50 fs, which can be seen by the position of the peak (4.2 × 10 −2 optical cycle) of the Fourier transform of the spectrum in the figure right of the corresponding spectrum. From the following spectra, we can conclude that the ion channel starts to build up at a delay of 100 fs, indicated by a well-visible periodic modulation in the 200-700 eV range. This implies that phase matching is improved, once again indicated in the Fourier transform by a more pronounced and narrower peak at fewer than 2.7 × 10 −2 optical cycles. The best phase matching was reached at a time delay of about 200 fs (Fourier peak at 2.2 × 10 −2 optical cycle). For longer delays, the shape of the peak in the Fourier transforms starts to degrade.
Figure 5.
The measured periodic modulation in the high harmonic spectra for different delays between the two excitation pulses, providing information about the phase matching. The modulation period can be quantized by calculating the Fourier transform (even columns) of the spectra. The longest phase matching length, i.e., the shortest modulation period, was obtained for a delay of 150-250 fs.
The effect of phase matching can be also seen in Figure 6b . The harmonics signal is integrated in the range of 300-400 eV and plotted as a function of the time delay. Once again, the curve shows a well-pronounced maximum at around 250 fs in agreement with the results displayed in Figure 5 . Our result can be well explained in the following way: Better phase matching is the consequence of the reduced free electron density at the position of high harmonic generation. Higher order harmonics are generated closer to the optical axis, because the beam waist of the harmonic beam is inversely proportional to the square-root of the harmonic order: q w w q / 10 0  , where 10 w is the beam waist of the driving laser beam. At a delay of around 100 fs, the periodic modulation of the HHG spectrum starts at around 300 eV, which means that only a small area near the optical axis is free of electrons. For a delay of 250 fs, the periodic modulation already starts at about 100 eV, indicating that the radius of the electron-free ion channel increased, corresponding also to the optimum condition for HHG. Figure 6 shows the most important parameters of the ion channel. Using Equation (5), the on-axis free electron densities at different time delays were calculated. These decrease by about one order of magnitude within the first 100 fs (see Figure 6c) . Consequently, the harmonic intensity, generated in the channel, should increase by about two-orders of magnitude, which is in very good agreement with the measured numbers (Figure 6b) . After a very rapid formation of the channel within the first 50 fs, the radius of the ion channel (Figure 6d ) increases slowly up to a delay of 200 fs, yielding a more or less constant electron speed of about 3.8 × 10 6 m/s in this range. The delayed second pulse efficiently generates HHG from the ions, and the near-axis HHG signal as a function of the delay has been measured. From the measured spectra, we can estimate (c) the free electron density and (d) the channel radius as a function of the delay between the two pulses.
HHG from Multiply Scattered Electrons
In the three-step theory of high harmonic generation, tunnel-ionized electrons are accelerated by the laser field. After about three quarters of an optical cycle, the electron returns to the ion and can recombine. In this case, the excess kinetic energy is emitted as a photon with energy in the extreme ultraviolet spectral range. Ionization and, consequently, recombination happens in every optical half-cycle, resulting in a spectrum consisting of the odd (2i + 1) harmonic of the generated laser frequency. In this section, we report on the HHG experiments showing unexpected harmonic spectra, namely they contain only every fourth (4i + 1) harmonic. We attribute this behavior to the quantum path interference of the harmonic spectra generated by multiple scattered electrons. The results suggest that electrons returning after about two optical cycles provide substantial contributions to the soft Xray radiation in a spectral range between 200 eV and 1 keV if the conditions for X-ray parametric amplification (XPA) are fulfilled.
Unusual High Harmonic Line Structure in the 0.2-1 keV Spectral Range
We return to the experimental setup described in detail in Section 2.2 and shown in Figure 1 . The 30 fs-long 80-mJ energy pulses of the JETI 10-Hz Ti:sapphire laser system were focused into a helium jet with an on-axis peak intensity of ~5 × 10 15 W/cm² . With this setup, we recorded HHG spectra for different gas densities in the jet with a scanning spectrometer (McPherson 248/310G) equipped with a Channeltron 4751G photomultiplier and a 1,200-L/mm grating. The low order harmonics were blocked with a combination of a 200 nm-thick Al and a 100 nm-thick Ti foil. Typical spectra are shown in Figure 2 . Beyond the slow modulation of the spectral envelope, as discussed in Section 2.2, there is a fast modulation of the harmonic signal, shown in detail in Figure 7 . The recorded spectra in some selected spectral ranges show an unexpected behavior: Contrary to the expected appearance of all odd (2i + 1) harmonics, only every fourth harmonic (4i + 1) is present. This feature is very obvious at low (0.2 and 0.3 bar) backing pressure, where harmonic lines are well separated and have a high contrast. Above 0.4 bar, the contrast is reduced, and the missing (4i + 3) lines start to appear. At even higher backing pressure (above 0.7 bar), the measured harmonic signal saturates, and the harmonic line structure becomes hardly recognizable. In the next chapter, we will present a detailed discussion about the origin of the observed behavior.
Multiple Scattered Electron Trajectories and the Effect of the Impact Parameter of XPA
In this section, we examine the quantum path interference of two dominant electron trajectories, which can explain the spectra, as shown in Figure 7 . Our model [22, 24] is based on the traditional three-step model for high-order harmonic generation [18] . Atoms are mainly ionized in a strong laser field near the maximums of the electric field, which can happen in every optical half cycle (OHC). In addition to the model described in [18] , in our present calculation, the trajectory of the freed electron is governed by the electric and the magnetic fields of the laser beam and the Coulomb potential of the ion [22, 24] . Only if the electron is ionized in a certain limited temporal window, it will return to the ion. If at the instance of return, the distance of the electron from the ion (impact parameter) is fairly large, it cannot recombine. It will be elastically scattered and further accelerated in the laser field. After several returns and scatterings, the distance of the electron from the ion can be suitably small, and now, the electron can recombine and emit its excess kinetic energy as an X-ray photon. If, at the time of recombination, the distance of the electron from the ion and its energy obey the following resonance condition in [22] as Equation (3) 
stimulated emission of the X-ray photon by parametric interaction can take place. Here, ω r is the resonance frequency and b is the impact parameter. In the following, we present two scenarios assuming that: (i) the electron recombines after the first return; and (ii) the electron recombines after several scatterings. (i) At moderate laser intensities, at about 5 × 10 14 W/cm² , the kinetic energy of the electron is sufficient for HHG in the spectral range below ~120 eV. In this range, high-order harmonics are generated, if the released electron returns to the atom for the first time, which happens about three quarters of an optical cycle after ionization. In Figure 8a , we present the corresponding electron trajectories for electrons released six or seven OHC before the intensity maximum of the 30 fs-long laser pulse, respectively. If the electron does not recombine with the ion at the first re-collision, it moves further away from the ion and never returns, which is caused by the strong perturbation of the Coulomb potential. This can be clearly seen in Figure 8b , where the distance of the electron from the ion is shown for the same temporal windows as in Figure 8a . In Figure 8c , we present the calculated recombination energy of the electron for both electron trajectories. The quoted energy is proportional to the energy of the emitted photon, if the electron recombines with the ion at the given place. The figures show also that the electron returns only once, implying two possible returns in every optical cycle and the well-known generation of odd (2i + 1) harmonics. Additionally, the electron gets close to the ion with suitable energy and distance at the same time for the parametric resonance (crossing the orange dashed line in Figure 8c ), making stimulated emission and parametric amplification feasible at around 100 eV of photon energy. Together with the recombination energy of the electron (Wrec), the resonance energies for X-ray parametric amplification (XPA) are also plotted with an orange dashed line in (c,f) calculated by Equation (8) .
(ii) For a ten-times higher laser intensity (above 5 × 10 15 W/cm²) at the first return to the ion, the electron is rather far away (z ≈ 0.3 nm, in Figure 8d ) and the recombination probability is very low. With a much higher probability, the electron is accelerated further and has the chance to recombine about one or more optical cycles later. Examples for stable multiple scattered electron trajectories are plotted in Figure 8d assuming ionization of six and seven OHCs before the intensity maximum of the laser pulse. The corresponding release times of the electrons were 64 as and 62 as after the maximum of the electric field, respectively. The re-collision distances of these trajectories are suitably small at the third return after a flight time of about a 15/8 optical cycle. The distance of the electron from the ion is also calculated for this pair of trajectories together with two other trajectories with a slightly different release time of 67 as and 71 as, respectively, which are plotted as dashed lines in Figure 8e .
Electrons following these trajectories re-collide at the fourth return, about a 17/8 optical cycle after their release. As can be seen in Figure 8e , four possible electron trajectories exist in every optical cycle, which are linked to an impact parameter suitably small to fulfil the resonance condition (crossing the orange line in Figure 8f ) for XPA in the few-100 eV regime. Consequently, the generated spectrum consists only of every second odd harmonics (4i + 1), in contradiction to the conventional high harmonic spectrum. This interference of the harmonic spectra caused by multiplyscattered electrons explains the unusual harmonic line structure presented in Figure 7 very well.
Further evidence for our model will be provided by an additional experiment described in Section 3.4.
Multiple Scattered Electron as a Source of Multi-keV HHG
In the previous section, we proved that multiple scattered electrons can produce high-order harmonics and even suitable conditions for XPA in the few-100-eV spectral range. In this section, we present calculations to show multiple scattered electrons also supporting HHG in the few-keV spectral range. The calculation follows the experimental condition described in Section 2.3: the duration of the laser pulse was 6 fs, and the peak intensity was chosen to 2.5 × 10 16 W/cm² . Figure 9a shows two calculated electron trajectories when the electrons were released at the leading edge of the laser pulse, four and five OHCs before the intensity maximum and 141 as and 0 as before the electric filed maximum of the corresponding OHC, respectively. For such a short pulse, the amplitude of the electric field changes significantly from one optical cycle to the next. The trajectory of the earlier ionized electron (green line in Figure 9 ) shows a re-collision at the first return ( Figure 9b ) and fulfils the resonance condition for XPA just above 100 eV; see Figure 9c . The other trajectory (blue) for the electron released one OHC later shows multiple scattering. The numbers of returns are labelled in Figure 9b ,c. The energy and distance of the electron suitable for XPA at the third return at ~3 keV of photon energy and can explain very the well the observed high energy cut-off in the experiment summarized in Figure 4 . 
Experiment 4: Unusual High Harmonic Line Structure in Ne
The measurement was performed with the PHELIX (Petawatt Hoch-Energie Laser für SchwerIoneneXperimente) laser system at the GSI Helmholtz Centre for Heavy Ion Research. The preamplifier of the petawatt-scale Nd:glass laser system delivered 400 fs-long pulses with an energy of 370 mJ at a 10-Hz repetition rate. The pulses were focused into a neon gas jet. The emitted high-order harmonics spectra were measured with an imaging spectrograph consisting of a flat-field grating (1200 L/mm from Hitachi) and a cooled X-ray CCD camera (Andor DX420) after suppression of the laser light with two 200 nm-thick Al foils. The peak intensity in the gas was ~1 × 10 15 W/cm² , which is too high for supporting electron trajectories with an impact parameter suitable for giving parametric resonance in the examined spectral range at the first recollision. However, this intensity is in a range sufficient to generate harmonics by multiply-scattered electrons under resonance conditions. The rather long pulse results in narrow and, consequently, well-distinguishable harmonic lines, as shown in Figure 10 . While the spectrum contains every odd harmonic, three different sets of harmonic lines can be recognized. According to the earlier presented electron trajectory analysis, we can interpret the measured spectrum in the following way. The strong and weak lines can be explained very well by the quantum path interference of multiple scattered electron trajectories, and the corresponding harmonics (marked in blue) were generated in the high intensity part of the laser pulse and are not exactly at their expected position. The observed blue shift is the consequence of the non-linear interaction of the laser pulse in the gas medium. Contrarily, the standard harmonic lines ((2i + 1); marked with red) are generated at the low intensity leading part of the laser pulse, and so, they do not show a blue-shift, because of the lower intensity. The Fourier transform of the spectrum is plotted in Figure 10b . It exhibits distinct peaks at two main positions of a quarter and half optical cycle and their odd (three and five) multiples up to 2.25 optical cycles with some shift as a consequence of the blue shift in the harmonic spectrum. The Fourier components of the three quarter and one and half optical cycle are missing. The line at half an optical cycle corresponds to the common odd (2i + 1) harmonics, while the line at one quarter of an optical cycle fits very well with the uncommon (4i + 1) harmonic line structure.
Conclusions
We investigated phase matching in the macroscopic build-up of high harmonics in the 0.2-3-keV spectral range with laser intensity and laser pulses in a wide parameter range. From the modulation of the measured spectral envelope, we were able to determine the phase matching conditions and the free electron density in the nonlinear medium. Using a double-pulse excitation scheme with multi-cycle laser pulses, we created an electron-free channel in the gas, which improved the phase matching conditions and the conversion efficiency by about two orders of magnitude. Furthermore, we demonstrated that a few-cycle laser pulse as short as 6 fs is suitable to efficiently generate harmonics up to 3 keV with improved phase matching.
By performing an electron trajectory analysis, we found that in the few-100-eV and few-keV photon energy range, the harmonics were generated via multiply-scattered electrons. Furthermore, we found that the impact of these electron trajectories can be observed in the high harmonic spectra, producing spectra of only every fourth (4i + 1) harmonic in the few-100-eV spectral range. If the conditions for X-ray parametric amplification were fulfilled, the harmonics were efficiently generated, and the quantum-path interference of two dominating trajectories provided the uncommon harmonic line structure. These results together with the examination of the temporal dynamics of the generation process [38] help us to better understand high-order harmonic generation and X-ray parametric amplification at high laser intensities, as well as providing guidelines to extend the generated spectrum to higher photon energies at increased efficiency or to realize efficient, ultrahigh repetition rate [39] , high harmonic sources.
